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Abstract
We investigate the thermodynamic limit of the one-dimensional ferromagnetic XXZ
model with twisted (or antiperiodic ) boundary condition. It is shown that the distri-
bution of the Bethe roots of the inhomogeneous Bethe Ansatz equations (BAEs) for
the ground state as well as for the low-lying excited states satisfy the string hypothesis,
although the inhomogeneous BAEs are not in the standard product form which has
made the study of the corresponding thermodynamic limit nontrivial. We also obtain
the twisted boundary energy induced by the non-trivial twisted boundary conditions
in the thermodynamic limit.
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1 Introduction
The XXZ spin-1
2
torus model is the XXZ spin chain with twisted (or antiperiodic) boundary
condition [1, 2, 3, 4], and it is tightly related to the recent study on the boundary states
of matter. In the works [1, 2], Baxter’s “pair propagation through a vertex” was used and
BA-like equations were derived and solved for the gapped anti-ferromagnetic regime. Based
on the BA solutions, the interfacial tension are also obtained [2]. In the critical regime, some
very interesting results about the low-lying excitations are calculated and conformal field
theory signatures are derived by Niekamp, Wirth and Frahm [3]. By means of the separation
of variables, the BA-like equations and form factors are obtained [4]. The integrability of this
model is associated with the six-vertex R-matrix [5, 6, 7, 8]. Due to the twisted boundary
condition, the U(1)-symmetry is broken, making it much different from the periodic XXZ
chain. For an example, the lack of an obvious reference state prevents us from applying the
conventional Bethe Ansatz methods [9, 10, 11, 12, 13, 14, 15] to solve the model.
The off-diagonal Bethe Ansatz (ODBA) method is a newly developed analytic theory to
compute exact solutions of quantum integrable models, especially for those with nontrivial
integrable boundaries [16, 17, 18, 19]. Exact solution of such a system is characterized by
an inhomogeneous T −Q relations where the Bethe roots should satisfy the inhomogeneous
Bethe Ansatz equations (BAEs). Then, a natural question is what is the distribution of
the Bethe roots of the inhomogeneous BAEs in the complex plane. It is very important
because it is the start point to study the thermodynamic properties of the system. However,
due to the existence of the inhomogeneous term, it is hard to use the usual thermodynamic
Bethe Ansatz method [15]. Some interesting approaches are proposed [20, 21]. For examples,
because the inhomogeneous BAEs can degenerate into the conventional ones when the model
parameters taking some special values, then one can use the results at the degenerate points
to get the actual values [20]. Another method is that one can study the contribution of the
inhomogeneous term, then the thermodynamic limit can be obtained by using the finite-size
scaling behavior [21, 22]. In this paper, we directly investigate the Bethe roots from the
inhomogeneous BAEs without any approximation. We use the XXZ spin-1
2
torus as the
example. From the numerical analysis, we obtain the structure of the Bethe roots for the
ground state as well as for the low-lying excited states in the thermodynamic limit. Based on
them, the physical quantities such as the twisted boundary energy and the gap are studied.
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The paper is organized as follows. Section 2 serves as an introduction of the model and
its exact solution. In section 3, we discuss the distribution of Bethe roots of the ground state.
Base on them, we calculate the twisted boundary energy. In section 4, the nearly degenerate
states are studied. In section 5, we discuss the elementary excitation and the energy gap. In
section 6, the limiting behavior is considered, which is used to check our results. Concluding
remarks are given in section 7.
2 Spin-1
2
XXZ torus
The spin-1
2
XXZ torus is characterized by the Hamiltonian
H = −
N∑
j=1
[
σxj σ
x
j+1 + σ
y
jσ
y
j+1 + cosh ησ
z
jσ
z
j+1
]
, (2.1)
where N is the number of sites, η is the crossing parameter (or anisotropic parameter) and
the boundary condition is the twisted one, namely,
σαN+1 = σ
x
1σ
α
1 σ
x
1 , for α = x, y, z. (2.2)
It is remarked that the twisted boundary condition (2.2) breaks the bulk U(1)-symmetry
(c.f. the spin-1
2
XXZ chain with the periodic boundary condition: σαN+1 = σ
α
1 ).
The integrability of the model is associated with the well-known six-vertex R-matrix
R0,j(u) =
1
2
[
sinh(u+ η)
sinh η
(1 + σzjσ
z
0) +
sinh u
sinh η
(1− σzjσ
z
0)
]
+
1
2
(σxj σ
x
0 + σ
y
jσ
y
0), (2.3)
where u is the spectral parameter. From the R-matrix, we can define the monodromy matrix
as
T0(u) = σ
x
0R0,N (u− θN ) · · ·R0,1(u− θ1) =
(
C(u) D(u)
A(u) B(u)
)
. (2.4)
The R-matrix and the monodromy matrix satisfy the RTT relation
R0,0¯(u− v)T0(u)T0¯(v) = T0¯(v)T0(u)R0,0¯(u− v). (2.5)
The transfer matrix of the system is defined as
t(u) = tr0T0(u) = B(u) + C(u). (2.6)
From the RTT relation, one can prove that
[t(u), t(v)] = 0, (2.7)
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thus the system is integrable. The transfer matrix can generate all the conserved quantities
and the Hamiltonian (2.1) is chosen as the first order derivative of the logarithm of the
transfer matrix
H = −2 sinh η
∂ ln t(u)
∂u
∣∣
u=0,{θj=0}
+N cosh η. (2.8)
The Hamiltonian (2.1) can be exactly solved by using the ODBA method [16, 17]. The
eigen-energy is then expressed in terms of the Bethe roots
E = 2 i sinh η
N∑
j=1
[
cot
(
uj +
iη
2
)
− cot
(
uj −
iη
2
)]
−N cosh η − 2 sinh η, (2.9)
where the Bethe roots {uj} should satisfy the inhomogeneous BAEs
eiuj
N∏
l=1
sin(uj − ul + iη)
sin(uj +
1
2
iη)
= e−iuj
N∏
l=1
sin(uj − ul − iη)
sin(uj −
1
2
iη)
+ 2i e−
1
2
Nη sin
(
uj −
N∑
l=1
ul
)
,
j = 1, · · · , N. (2.10)
We note that the period of Bethe roots is pi, thus we fix the real part of Bethe roots in the
interval [−pi
2
, pi
2
).
3 Bethe roots for the ground state
Here, we consider the case that η is real and solve the inhomogeneous BAEs (2.10) numeri-
cally. The values of Bethe roots for the ground states for finite system-size are listed in Table
1 and 2. From the data, we find that the real part of Bethe roots is nearly −pi/2, and the
difference between the imaginary part of two Bethe roots is nearly constant and the value is
iη. Thus the Bethe roots form a single string [15]. In order to see this point clearly, we draw
them in Figure 1. From it we see that the string is located at the boundary of the period
(−pi
2
).
We should mention that for the odd N case, there exists another N -string which locates
at the imaginary axis. These two kinds of strings give the same ground state energy thus
the corresponding Bethe states are degenerate.
Based on above facts, we conclude that all the Bethe roots may form the string solution
for the ground state
uj = −
pi
2
+
(N + 1
2
− j
)
ηi+ o(N), j = 1, · · · , N, (3.1)
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Table 1: Bethe roots of the inhomogeneous BAEs for the ground state, where η = 0.5.
{ui}\N 7 8 9 10 11
u1 −1.5708 + 1.4373i −1.5708 + 1.6820i −1.5708 + 1.9671i −1.5708 + 2.2153i −1.5708 + 2.4755i
u2 −1.5708 + 1.2052i −1.5708 + 1.4370i −1.5708 + 1.6317i −1.5708 + 1.8656i −1.5708 + 2.0966i
u3 −1.5708 + 0.5208i −1.5708 + 0.7628i −1.5708 + 1.0133i −1.5708 + 1.2572i −1.5708 + 1.5054i
u4 −1.5708 − 0.0000i −1.5708 + 0.2624i −1.5708 + 0.5059i −1.5708 + 0.7533i −1.5708 + 1.0013i
u5 −1.5708 − 0.5208i −1.5708 − 0.2624i −1.5708 − 0.0000i −1.5708 + 0.2503i −1.5708 + 0.5002i
u6 −1.5708 − 1.2052i −1.5708 − 0.7628i −1.5708 − 0.5059i −1.5708 − 0.2503i −1.5708 + 0.0000i
u7 −1.5708 − 1.4373i −1.5708 − 1.4370i −1.5708 − 1.0133i −1.5708 − 0.7533i −1.5708− 0.5002i
u8 −1.5708 − 1.6820i −1.5708 − 1.6317i −1.5708 − 1.2572i −1.5708− 1.0013i
u9 −1.5708 − 1.9671i −1.5708 − 1.8656i −1.5708− 1.5054i
u10 −1.5708 − 2.2153i −1.5708− 2.0966i
u11 −1.5708− 2.4755i
Table 2: Bethe roots of the inhomogeneous BAEs for the ground state, where η = 1.
{ui}\N 7 8 9 10 11
u1 −1.5708 + 3.0989i −1.5708 + 3.5966i −1.5708 + 4.0958i −1.5708 + 4.5954i −1.5708 + 5.0953i
u2 −1.5708 + 2.0087i −1.5708 + 2.5072i −1.5708 + 3.0066i −1.5708 + 3.5064i −1.5708 + 4.0063i
u3 −1.5708 + 1.0003i −1.5708 + 1.5001i −1.5708 + 2.0001i −1.5708 + 2.5000i −1.5708 + 3.0000i
u4 −1.5708 − 0.0000i −1.5708 + 0.5000i −1.5708 + 1.0000i −1.5708 + 1.5000i −1.5708 + 2.0000i
u5 −1.5708 − 1.0003i −1.5708 − 0.5000i −1.5708 − 0.0000i −1.5708 + 0.5000i −1.5708 + 1.0000i
u6 −1.5708 − 2.0087i −1.5708 − 1.5001i −1.5708 − 1.0000i −1.5708 − 0.5000i −1.5708− 0.0000i
u7 −1.5708 − 3.0989i −1.5708 − 2.5072i −1.5708 − 2.0001i −1.5708 − 1.5000i −1.5708− 1.0000i
u8 −1.5708 − 3.5966i −1.5708 − 3.0066i −1.5708 − 2.5000i −1.5708− 2.0000i
u9 −1.5708 − 4.0958i −1.5708 − 3.5064i −1.5708− 3.0000i
u10 −1.5708 − 4.5954i −1.5708− 4.0063i
u11 −1.5708− 5.0953i
where o(N) stands for a small correction which is related with N , and i is the imaginary
unit. Substituting the string hypothesis (3.1) into the energy expression (2.9) and neglecting
the small correction, we obtain the ground state energy
E0 = −N cosh η − 2 sinh η + 4 sinh η tanh
(Nη
2
)
. (3.2)
In order to check the validity of string hypothesis (3.1), we calculate the ground state
energy of the system by exactly diagonalizing the Hamiltonian (2.1) up to N = 19 and
compare the results with those obtained by the equation (3.2). The data is listed in Table
3. We see that the analytical and numerical results agree with each other very well. For the
larger system-size, we also check the validity of (3.1) and (3.2) by the density matrix renor-
malization group (DMRG) method. The result is shown in Figure 2. Then, we can conclude
that the Bethe roots for the ground state form the string solution in the thermodynamic
limit and Eq. (3.2) gives the energy of the system.
Now, we calculate the twisted boundary energy. It is well-known that the ground state
energy of the XXZ spin chain with periodic boundary condition is [15]
Ep0 = −N cosh η. (3.3)
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Figure 1: The distribution of Bethe roots of the inhomogeneous BAEs for the ground state,
where η = 1 and N = 11. The string is located at the boundary of the period (−pi
2
). The
difference among the imaginary part of Bethe roots is equal to ηi.
Table 3: The comparison of ground state energies. Here ∆E = E0 − E
ED
0 , E0 is analytic
results and EED0 is the one calculated by the exact diagonalization. Despite some data with
small N , the data can be fitted as ∆E ∝ e−αN , α ≈ η.
N\∆E\η 0.5 1 1.5 2
2 −0.3342142165 0.1435417877 0.7458761805 1.2074616511
3 −0.0952609137 0.3716389985 0.5043105875 0.4167008182
4 0.0509806795 0.2848861255 0.1707344774 0.0704866355
5 0.1197282891 0.1407699247 0.0381958000 0.0089281224
6 0.1334305287 0.0514910722 0.0077697666 0.0011529804
7 0.1141588186 0.0169264962 0.0016597727 0.0001544483
8 0.0810290178 0.0057499892 0.0003658926 0.0000208680
9 0.0491663635 0.0020416802 0.0000813935 0.0000028234
10 0.0269446294 0.0007405552 0.0000181472 0.0000003821
11 0.0144539470 0.0002708820 0.0000040484 0.0000000517
12 0.0079734142 0.0000994183 0.0000009033 0.0000000070
13 0.0045457565 0.0000365387 0.0000002015 0.0000000009
14 0.0026510859 0.0000134366 0.0000000450 0.0000000001
15 0.0015679356 0.0000049423 0.0000000100 0.0000000000
16 0.0009355173 0.0000018180 0.0000000022 0.0000000000
17 0.0005613593 0.0000006688 0.0000000005 0.0000000000
18 0.0003380990 0.0000002460 0.0000000001 0.0000000000
19 0.0002041302 0.0000000905 0.0000000000 0.0000000000
We define the twisted boundary energy as
Et = E0 −E
p
0 . (3.4)
Substituting Eqs.(3.2) and (3.3) into (3.4), we obtain
Et = −2 sinh η + 4 sinh η tanh
(Nη
2
)
. (3.5)
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In the thermodynamic limit, the twisted boundary energy arrives at
Et = 2 sinh η. (3.6)
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Figure 2: The relative error to the ground state energy at η = 1. Here ∆E = E0 − E
DMRG
0
and EDMRG0 is the ground state energy calculated from DMRG method. The data can be
fitted as ∆E = 35.51e−1.089N . We can easily find the relative error tends to zero rapidly
when N tends to infinity.
4 Nearly degenerate states
From the numerical calculation, we also find that the XXZ spin torus model has some nearly
degenerate states with the ground state, which have following properties:
1. They are almost degenerate states with exponentially small gaps for the finite system-
size. As shown in Figure 3, the energy difference between the ground state and nearly
degenerate states satisfies the law ∆E ∝ e−βN , β ≈ η, which means that the difference will
exponentially tends to zero with the increasing N . Thus in the thermodynamic limit, the
nearly degenerate states are degenerate to the ground state.
2. The number of the nearly degenerate states is 2N − 2. In the case of η → +∞,
the model degenerates to a Ising-like model. The system possesses Z2 symmetry and the
boundary conditions at different site number are equivalent. It is easy to find that the
degeneracy of the ground state is 2N , which is self-consistent with the numerical results.
Based on this fact, we can obtain the following physical picture. When the crossing parameter
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Figure 3: The energy difference between the ground state and nearly degenerate states.
Here ∆E = EEDnmax − E
ED
0 , and and E
ED
nmax is the highest energy in the nearly degenerate
states calculated by the exact diagonalization, EED0 is the ground state energy calculated
by the exact diagonalization. The data can be fitted as (a) ∆E = 67.56e−1.041N (b) ∆E =
427.4e−1.999N . From the fitting, we see that the energy difference tends to zero rapidly with
the increasing system-size.
η tends to infinity, the main contribution in Hamiltonian (2.1) to the energy comes from the
σzjσ
z
j+1 terms, and the degeneracy of the ground state is 2N . When the η is smaller, the rest
parts of Hamiltonian make contributions and the ground state splits into several separate
energies, corresponding to the ground state and the nearly degenerate states here. Because
of the Z2 symmetry, the degeneracy of the ground state is 2, so we have 2N − 2 nearly
degenerate states.
3. As shown in Figure 4, the Bethe roots for the nearly degenerate states also form a
N -string structure, but the position is moved and the deviation o is larger than that for the
ground state.
5 Elementary excitation
Now, we consider the elementary excitation of the XXZ spin torus model. As shown in Figure
5, we find that the distribution of Bethe roots for the lowest excited states can be described
by a (N − 1)-string plus an additional real root. Meanwhile, the string and the real root
are nearly located at the interval boundary −pi
2
3. After some more precision calculation, we
conclude that the Bethe roots for the lowest excited state take the form of
u1 = −
pi
2
+ o1(N); uj = −
pi
2
+
(N
2
− j + 1
)
ηi+ o2(N); j = 2, · · · , N, (5.1)
3we regard pi
2
as the same point with −pi
2
due to the periodicity.
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Figure 4: The distributions of Bethe roots for the nearly degenerate states, where η = 1 and
N = 10. (a), (b) and (c) stand for 3 different nearly degenerate energies En1, En2 and En3,
respectively. The string structure can be seen very clearly.
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Figure 5: Elementary excitation state Bethe roots distribution of η = 1, N = 10.
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where o1(N) and o2(N) stand for the small deviations and i is the imaginary unit. The
energy corresponding to this kind of excitation is
E1 = −N cosh η − 2 sinh η + 4 sinh η tanh
[
(N − 1)η
2
]
+ 4 sinh η tanh
η
2
. (5.2)
We also check the validity of Eq. (5.2) by the exact diagonalization and the result is shown
in Figure 6. Again, we see that with the increasing N , the energy difference between the
analytic result (5.2) and the actual values tends to zero rapidly. Thus the string solution
(5.1) is correct in the thermodynamic limit.
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Figure 6: The energy difference between the theoretical value and the actual one. Here
η = 1, ∆E = E1 − E
ED
1 , and E
ED
1 is the lowest excitation energy calculated by the exact
diagonalization. The data can be fitted as ∆E = 187.3e−0.9985N . From the fitting, we see
that the energy difference tends to zero rapidly with the increasing system-size.
The energy gap of the XXZ spin torus is defined as
Egap = E1 −E0
= 4 sinh η tanh
η
2
+ 4 sinh η tanh
[
(N − 1)η
2
]
− 4 sinh η tanh
(Nη
2
)
. (5.3)
In the thermodynamic limit, the energy gap reads
Egap = 4 sinh η tanh
η
2
, (5.4)
which is the same as that of the XXZ spin chain with periodic boundary condition.
6 Limiting behavior
In order to check above results again, now, we consider some limit case of η → +∞. In
this case, the Ising-like spin coupling σzjσ
z
j+1 in Hamiltonian (2.1) is dominated and the
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model degenerates into the one-dimensional Ising model with a twisted boundary condition.
Evidently, the ferromagnetic state is the ground state and the corresponding ground state
energy is known as
EIsing0
cosh η
= −N + 2. (6.1)
Taking the η → +∞ limit of Eq. (3.2), we have
E0 |η=+∞
cosh η
= −N + 2, (6.2)
which is consistent with the result of Ising model. The lowest excited energy of Ising model
with a twisted boundary condition is
EIsing1
cosh η
= −N + 6. (6.3)
Taking the η → +∞ limit of Eq. (5.2), we have
E1 |η=+∞
cosh η
= −N + 6. (6.4)
Therefore, the results derived from the string hypothesis (3.1) and (5.1) are consistent with
the already known results.
7 Conclusions
In this paper, we have studied the thermodynamic limit of the one-dimensional ferromagnetic
XXZ model with the twisted (or antiperiodic) boundary condition which is described by the
Hamiltonian (2.1) and (2.2). It is shown that even for the inhomogeneous BAEs (2.10), the
corresponding roots for the ground state appear to form a string (3.1). This fact enables us
to calculate the twisted boundary energy of the model given by (3.6). By using the similar
method, we further investigate the elementary excitation and obtain the energy gap of the
model which is the same as that of the periodic boundary condition case.
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